PALOT

Problem Set 7 (Fall Break Special)

Differential Equations
Fall 2024

Zoom Session Information:
Date: October 16,2024 Time: 7:30pm-9:00pm ET ‘ Meeting ID: 959 8028 3654 Passcode: 781316

Link: https://JHUBlueJays.zoom.us/j/959802836547pwd=KdY2;jBJxkul j YL7hmu5NVLzuIwydJG. 1

Fall Break is now coming! We hope that you are ready to enjoy a short break from the hard work in the
past weeks. As of right now, you should have seen various types of differential equations, from higher
order linear equation, or a system of linear differential equations. In the set this week, we are aiming
to solidify our understanding on eigenspace, while exploring on certain structures of our materials and
some unanticipated applications.

Since certain sections will not meeting this week, and this problem set will be composed of two parts. The
first part is the basic reviews on class materials, whereas the second part is more challenging and for fun.
It is fine if you have no ideas on the second part of the problem set, but please attempt to give them a try.

Regular Questions: Review of course contents.

1. (Third-Order Nonhomogenous). Solve the following third order differential equation of y = y(t):

]//" _ 4y/ _ 672t.

2. (Eigenvalues & Eigenvectors). Find all eigenvectors and eigenvalues of the following matrix:
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3. (Linear Systems). Let x € R?, find the general solution of x if x satisfies:

, (5 -1
X = X.
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Additional Questions: More challenging and fun problems related with the course.

1. (PDEs: Wave Equation). The following system of partial differential equations portraits the propa-
gation of waves on a segment of the 1-dimensional string of length L, the displacement of string at
x € [0,L] at time ¢ € [0, c0) is described as the function u = u(x,t):

. . . Pu  ,0%u
Differential Equation: —— —c*=— =0, where x € (0,L) and t € [0, o0);
o2 dx? )
Initial Conditions: u(x,0) = sin <7er) ,
%—Ltl(x,O) = sin (57zx> ,  where x € [0,L];
Boundary Conditions:  u(0,f) = u(L,t) =0, where t € [0, c0);

where c is a constant and g(x) has “good” behavior. Apply the method of separation, i.e., u(x,t) =
v(x) - w(t), and attempt to obtain a general solution that is non-trivial.
Hint: Use the fact that {sin(n7mtx/L),cos(nmx/L)},cz+ forms an orthonormal basis (cf. §5.2).

2. (Putnam 2023: First Positive Root). Determine the smallest positive real number r such that there
exists differentiable functions f : R =+ R and ¢ : R — R satisfying;:

* f(0) >
* 8(0) =
e |f'(x)] <|g(x)| for all x,

e |¢'(x)] < |f(x)] for all x, and
e f(r)=0.

You may give an answer without a rigorous proof, as the proof is out of scope of the course.
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Hint: Assume that the function “moves” the fastest when the cap of the derivatives are “moving”

the fastest, then think of constructing a dynamical system relating f and g.

3. (Nilpotent Operator). Let M be a square matrix, M is nilpotent if M* = 0 for some positive integer k.
Similar to how we defined the exponential function analytically, the exponential function is also
defined for matrices, let A be a square matrix, we define:

= 1
exp(A) =)

i=0
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(a) Show that N = is nilpotent, then write down the result of exp(N).

o O O
S O PN
S = W

Now, suppose that N € L(IR") is a square matrix and is nilpotent.

(b) Suppose that Id, € L(IR") is the identity matrix, prove that Id,, +N is invertible.
Hint: Use the differences of squares for matrices.

(c) If all the entries in N are rational, show that exp(N) has rational entries.
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4. (Convergence of Series.) As we dive into fundamentals of mathematics, it is inevitable to encounter
sequences and their sums. Discuss about the following sequences if they converge or not. If they
converge, find the explicit sum.
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Clubs & Orgs Bulletin

Promote your club! https://forms.gle/V19BipzLyuAaWMyz8

Hopkins Votes: As we approach Election Day on November 5Sthjust four weeks awayit’s essential to make sure
you are registered and ready! If you haven't registered to vote yet or need help requesting an absentee ballot, please
visit https: // jhu. turbovote. org! While casting your vote is incredibly important, there are many other ways
to engage in civic life. You can volunteer with local organizations, attend town hall meetings, or help educate your
peers about the issues that are important to you. If you need further assistance, please reach out to Hopkins Votes at
https: //hopkinsvotes. jhu. edu/

Tip of the Week

The beginning of fall also means the start of flu season—get your shot today! Walgreens provides free, walk-in
vaccinations for students with a printed voucher. Hopkins also holds flu clinics on all of its campuses. Students must
upload verification of their immunization or a valid exemption by Friday, Nov 15th, 2024. Find out more information
and get your voucher here: https: // covidinfo. jhu. edu/health-safety/ flu-vaccine-policy/.



