PALOT

Problem Set 2

Differential Equations
Spring 2025

As we have dived into the contents of first order linear differential equations, you should have noticed
many techniques, such as method of separation, integrating factors, or exactness. Meanwhile, we are
about the see practice on these solving techniques and explore an explanation of such concept.

Note: Questions marked with * will be more challenging than the other ones.

1. (Separable ODE). Solve the following initial value problems (IVPs) on y = y(x), and specify the
domain for your solution:

"= (xlogx)!
@ {y = (xlogx)™",
y(e) = —6.
®) Yy =yly+1),
y(0) =1.

Note: Unless otherwise specified, log(x) := log,(x) is the natural logarithm function, which may be

written as In(x).

2. (Integrating Factor.) Solve for the general solution to the following ODEs with y = y(t):
(a) 2y’ +y =3t
(b) Y +log(tly =t

3. (Linearity of Solutions.) Let y = y; (t) be a solution to y’' + p(t)y = 0, and let y = y»(t) be a solution
toy' + p(t)y = q(t). Show that y = y;(t) + y2(t) is then also a solution to y' + p(t)y = q(t).

4.* (Differential Forms.) This brief digression to “differential forms” aims for the following goals:

* Legitimize % _ fx) <= g(y)dy = f(x)dx via the differential operator d.

ax  g(y)

* Get the foundation of exactness for certain differential equation relationship.

First, consider variables x1, X2, - - -, x;, we may defined the wedge product (A) to connect any two
variables satisfying that:
xi Axj=—xjAx;forall1 <ij<n.

(a) Show that x; Ax; =0for1 <i<n.
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Now, given any smooth function f, we defined the differential operator (d) as:
n af
af = 1; a—}qui.
(b) Suppose y(x) = e*, find dy.

(c) Now, suppose that % = %, can you express dy in terms of the differential form of x.

Note: Since we have just one variable, we have dy/dx = dy/dx, leading to our first goal.

Furthermore, we can apply the differential operator over differential forms with wedge products
already. Suppose:
w = Z fil,...,ikdxil VANCIERAN dxik,
i1, ik

we may have the differential of w as:
dw = 2 (dﬁ1,~-,ik)dxi1 VANREIRWAN dxl-k.
i, iy
(d) Suppose x,y are the variables, and w = 2xy?dx + 2x%ydy, show that dw = 0.

This then relates to a concept called exactness in differential equations. Consider the equation:
dy | F(vy) _
dx = G(x,y)

we can rewrite it as F(x,y)dx + G(x,y)dy = 0. Exactness enforces that:

oF _ 3
dy  ox’
Similarly, exactness is considering finding a solution f(x,y) = ¢ such that F = % and G = %.

(e) Show that df = F(x,y)dx + G(x,y)dy and exactness is equivalently d(df) = 0.
Note: This implies that the differential equation in part (d) satisfies exactness.

Clubs & Orgs Bulletin

Promote your club! https://forms.gle/V19BipzLyuAaWMyz8
There is no bulletin this week.

Tip of the Week

Still looking for a summer internship? Try Handshake, a platform that offers career workshops, recruitment infor-
mation sessions, and job opportunities that target Johns Hopkins students and alumni. Setting up your Handshake
profile can also make you visible to more recruiters and employers. It is a great professional resource designed to
connect students with opportunities in their fields of interest: https://jhu.joinhandshake.com/login.
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