PALOT

Midterm 1 Review Problem Set: Solutions
Differential Equations

Spring 2026

1. Find the general solution for y = y(t):
Y +3y=tt+e ¥,

then, describe the behavior of the solution as t — co.
Solution:

Here, one could note that this differential equation is not separable but in the form of integrating
factor problem, then we find the integrating factor as:

t
u(t) = exp (/ 3ds> = exp(3t).
0
By multiplying both sides with exp(3t), we obtain the equation:
e+ 3yedt = 1 e 2e,

Clearly, we observe that the left hand side is the derivative after product rule for ye* and the right
hand side can be simplified as:

%[ye?‘t} = ted 4 ¢’

Therefore, we have turned this into an integration problem, so we do the respective integrations,

giving us that:
yedt = /te3tdt+ /etdt
.t N :

= —/%e3fdt+ef+c

3
3t 3t
= % - % +e +C.
Eventually, we divide both sides by 3 to obtain that:
1
y(t) = é -5 e 2 4 Cce |

As t — oo, the solution diverges to co.



https://jhu-ode-pilot.github.io/SP26/

PALOT Midterm 1 Review Problem Set: Solutions Differential Equations

2. An autonomous differential equation is given as follows:

%:4y3—12y2—|—9y—2 where t > 0 and y > 0.

Draw a phase portrait and sketch a few solutions with different initial conditions.

Solution:
Recall the Rational root test (c.f. §1.3). Let the polynomial with integer coefficients be defined as:

apx" +a,_1x" 14 4ay =0,
then any rational root r = p/q such that p,q € Z and gecd(p,q) = 1 satisfies that p|ag and g|a,.

From the theorem, we can note that if the equation has a rational root, it must be one of:
1 1

— 41,402 o 4
4 2’1

By plugging in, one should notice that y = 2 is a root (one might also notice 1/2 is a root as well,
but we will get the step slowly), so we can apply the long division (dividing y — 2) to obtain that:
4y — 122 +9y -2
y—2
Clear, we can notice that the right hand side is a perfect square (else, you could use the quadratic

:4y2—4y+1.

formula) that:
42 —dy+1= 2y —1)%

Thus, we now know that the roots are 2 and 1/2 (multiplicity 2). Hence, the phase portrait is:

— —
Semi-Stable  Unstable

_1/2 >

Correspondingly, we can sketch a few solutions (not necessarily in scale):

1/2,_ _______________________________________________________ -
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3. Let an initial value problem be defined as follows:
(12x* + 5x% + 6) Z—Z — (¥*sin(x) + x*)y =0,
y(0) =1

Show that the solution to the above initial value problem is symmetric about x = 0.

Solution:
If you were attempting to solve this problem by integrating factor or exactness, you are on the wrong
track. The functions are deliberately chosen so that these operations will be hardly possible.
However, this does not necessarily mean that is it not possible to prove without solving the solution
out, one shall utilize the existence and uniqueness theorem to proceed.
Proof. Now, we first observe that when we rewrite the problem, we have:
, x%sin(x) + 23

YT s 67
where we clearly notice that the numerator and denominator are composed of continuous function
while the denominator is positive, so we know that it is continuous over IR, so the initial value
problem exhibits a unique solution.
Now, suppose y(x) is a solution of the above IVP, we want to show that 7(x) := y(—x) is also a
solution to the above IVP.

Clearly, we have:
7(0) = y(=0) = y(0) =1,
so the initial condition is satisfied, so we are left to check the differential equation. By chain rule, we

have: di d d
x) = (=) - 3] = =7 ().

With the first equation and y being a solution, we can make all x into —x to obtain that:

(12(-2)* +5(—x +6) X (2 sin(x) + (~x))g =0,

and if we organize the left hand side, we have:
(12x* +5x% + 6) 7 — (x*sin(x) + %) 7 =0,

so 7 is clearly another solution to the IVP, so by uniqueness, we must have 7(x) = y(x), or namely

y(—x) = y(x), so the solution must be symmetric about x = 0. O
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4. Determine if the following differential equation is exact. If not, find the integrating factor to make it
exact. (Hint: You can use the integrating factor from a canonical integrating factor problem). Then,

solve for its general solution using the exactness method:

v(x) = +y(x) 1.

Solution:
First, we write the equation in the general form:

d—y—i-(l—ezx—y)zo.

dx
Now, we take the partial derivatives to obtain that:
9 2

—[l—e*—y]=-1

gyl Y=L
0
—[1] = 0.
51 =0

Notice that the mixed partials are not the same, the equation is .
Here, we choose the integrating factor as:

r 2l —e®—y]—21
V(X)Zexp</0 By[ 1y] aSHaIs)

= exp <./(;x —ds> = exp(—x).

Therefore, our equation becomes:
d
(efx)—y + (e —e*—ye ¥)=0.

dx

After multiplying the integrating factor, it would be exact. We leave the repetitive check as an exercise to

the readers.
Now, we can integrate to find the solution with a h(y) as function:

p(x,y) = /(e_x —ef—ye N)dx = —eF —e* +ye + h(y).
By taking the partial derivative with respect to y, we have:
Iye(x,y) = e+ (y),
which leads to the conclusion that #'(y) = 0 so h(y) = C.
Then, we can conclude that the solution is now:

p(x,y)=—e*—e"+ye "+ C=0,

y(x) =[Cer + 14 ]

which is equivalently:
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5. Solve the following second order differential equations for y = y(x):

(a) vy +y —132y = 0.
(b) y' -4y = -4y
(© y' =2 +3y=0
Solution:
(a) We find the characteristic polynomial as 2 +r — 132 = 0, which can be trivially factorized into:
(r—11)(r+12) =0,
so with roots ¥; = 11 and r, = —12, we have the general solution as:
y(x) =| Cret™ + Cre12¥ |
(b) We turn the equation to the standard form y” — 4y’ +4 = 0, and find the characteristic polyno-
mial as 72 — 4r + 4 = 0, which can be factorized into:
(r—2)2=0,
so with roots r; = rp = 2 (repeated roots), we have the general solution as:
y(x) =| Ce* + Coxe® |.
(c) We find the characteristic polynomial as r> — 2r + 3 = 0, which the quadratic formula gives:

Ny
rZZi 22 4X3:1:ti\/§
so with roots r; = 14+1v/2 and r, = 1 — iv/2, we would have the solution:

y(x) = Cle(mﬁ)x + Cze(lfi\/i)x'
To obtain real solution, we apply Euler’s identity:
y1(x) = e*(cos(v2x) — isin(v2x)) and y»(x) = e*(cos(—v2x) — isin(—Vv2x)).
By the principle of superposition, we can linearly combine the solutions:
~ 1 _ 1 .
yi(x) = §(y1 +12) = e* cos(V2x) and 72(x) = E(yz —y1) = e“sin(v2x).

One can verify that ij; and 1, are linearly independent by taking Wronskian,i.e.:

L e* cos(v/2x) ¢* sin(v/2x) B .
Wi, 2] = det (ex cos(v2x) — V2e* sin(v/2x)  e¥sin(v2x) + v/2e" cos(ﬁx)) = V2 A0

Now, they are linearly independent, so we have the general solution as:

y(x) = | C1e* cos(v2x) + Cae* sin(v/2x) |
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6. Given a differential equation for y = y(t) being:

t3y” + ty/ —y= 0.

(a) Verify that y;(t) = t is a solution to the differential equation.

(b) Find the full set of solutions using reduction of order.

(c) Show that the set of solutions from part (b) is linearly independent.

(a)

(b)

()

Solution:

Proof. We note that the left hand side is:
Byl +ty] —y1 = -0+t-1—t=t—t=0.
Hence y1(t) = t is a solution to the differential equation. O

By reduction of order, we assume that the second solution is y,(t) = tu(t), then we plug y»(t)
into the equation to get:
2630 () 4 " (1) + tu(t) + £2u' (t) = t4u"" (1) + (283 + )/ (t) = 0.
Here, we let w(t) = u/(t) to get a first order differential equation:
o' (t) = (=2t — Dw(t).

Clearly, this is separable, and we get that:

w'(t) S24+1 0 2 1

w(t) t2 t2
which by integration, we have obtained that:

log (w(t)) = —2logt + % +C.
By taking exponentials on both sides, we have:
w(t) = exp <—210gt + % + C) — Cel/t. tlz
Recall that we want u(t) instead of w(t), so we have:
u(t) = [w(yar=C [Vt Lar= ¢ty b

By multiplying ¢, we obtain that:
Yo = —Cte'/t 4+ Dt,

where Dt is repetitive in y1, so we get:

y(t) = | Cit + Cotel/t |,

Proof. We calculate Wronskian as:

1/t t tel/! 1/t
W(t, te*/"] = det L t_an| =€ #0,

;
hence the set of solutions is linearly independent. O
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