PALOT

Problem Set 12: Solutions

Differential Equations
Spring 2026

1. (System with Unknown Coefficients). Let a non-linear system for x = x(t) and y = y(t) be:
X' =ax—y+y?
{y’ =x+ay.
(a) Show that (0,0) is a critical point, and show system is locally linear at (0,0) for all « € R.

(b) Classify the critical point (0,0) and sketch a few phase portraits of the linearized system.

Solution:
(a) Proof. To show that (0,0) is a critical point, we just plug it into the system as:
x'(0,00=0—-0+0=0,
{y’(0,0) =0+0=0.

Hence (0,0) is a critical point.

To consider the local linearity, we compute the Jacobian matrix as:

/ / -
I,y = axx/ ayx/ _ (= 142y .
dxy'  dyy 1 o

When we evaluate it at (0,0), we have:

a —1
evoo Il y] = (1 oc ) '

We see that the determinant is 4% + 1 > 0, hence it is locally linear for all a € R. O
(b) For the locally linear system, we classify the linear approximation as:
) -G )G
y Loa y
Hence, the characteristic equation is (¢ — A)? +1 =0, thatis A = a +1.

Depending on different cases for &, we have different results:

e When a = 0, it is a stable center.
¢ When « > 0, it is unstable spiral.
¢ When & < 0, it is asymptotically stable spiral.

The graphs are on the next page.

Continues on the next page...
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e Fora =0:

e Fora > 0:

e Fora <0:

Continued from last page.
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2. (Phase Portraits for Repeated Roots). Find the solutions to the following linear system differential

equation, sketch a few phase portraits, and classify its type and stability.

4 2
U .
(a) X = (_2 0> X.
30
b x = - X.
®) (0 3)
Solution:

(a) Again, we first find the eigenvalues as:

0 = det (4; 0 2A> =(4-A)(-A)+4=A2—4r+4=(1-2)2

Hence, the eigenvalue is 2 (with algebraic multiplicity 2, see additional materials). Then, we
look for the eigenvalue, that is ¢ such that :

)
(2 2) e=0.

Hence, we have 2¢1 4+ 2¢, = 0, s0 —§1; = &, whichis & = (1, -1).

Then, we need to find the other solution with vector # such that:

2 2
(—2 —2) =4

Hence, we have 211 + 211, = 1, so # = (1/2,0). Hence, the solution is:

x =|Cre? ( 1 ) + G <t€2t < 1 ) + % (1/2>> A
-1 -1 0

Here, we may graph the phase portraits as:

X2

K
N

o

Here, the graph has a | unstable improper node |.

Continues on the next page...
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Continued from last page.

(b) Here, we find that the eigenvalue is 3 with algebraic multiplicity 2, and since it is diagonal, the
geometric multiplicity is also 2. Here, we make this into a degenerated case:

x} = 3xq,
xh = 3xs.

X1 = lei‘:ﬂL P
Xy = Czegt .

Here, we may graph the phase portraits as:

Hence, the solution is:

X2

AN/
ZIDN

Here, the graph has a | unstable proper node |.
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3. (Critical Point). Find all the critical point in the following first order system:
x =243 —x2—4x+3—y2,

y =2x—y.

Solution:
Here, we set both equations as 0, so we have:

0=2x3—x? —4x+3—1?

0=2x—y.
Hence, we let the second equation be:

Yy =2x,
and we plug it into the first equation to be:
0=2x"—x% —4x+3 —4x> = 2x° — 5x* — 4x + 3.
Here, we attempt to factor the above by the rational root test (c.f. §1.3), the rational roots has to be
one of +1,+3,+1/2,4+3/2. We first note that x = —1 is a root, then we factor it into:
(2x® —5x% —4x +3)/(x+1) = 2x* — 7x + 3.

Thus, the last two roots are 1/2 and 3. Hence, the critical points are:

[(-1,-2),(1/2,1), and (3,6) |
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4. (Nonlinear at origin). Let the linear system be:

¥ =y,
Y = x+2x3

(a) Show that the origin is a saddle point.

(b) Sketch a phase portrait for the linearized system. Note that where all the trajectories of the
linear system tend to the origin.

Solution:

(a) Proof. Here, we first verify that it is critical point, that is x'(0,0) = 0 and y'(0,0) = 0+ 0 = 0.
Then, we check the Jacobian matrix:

eV(ooﬂ[x'fy']:eV(OO)( . 1>:<O 1>'
! g 1+6x 0 1 0

whose determinant is —1, so the system is locally linear, so the linear system is:

x / (0 1 x
y 10/ \y)
Hence, we have the characteristic equation as A2 —1 =0, so the roots are Ap=1land Ay = —1.
Thus, it is a unstable saddle point. g
(b) To sketch the diagram, we would want the eigenvectors.
e When Ay = 1, then we have 1) such that —Cil) + @gl) =0, so the eigenvector is (1,1).
e When A, = —1, then we have &2 such that Cil) + ﬁél) =0, so the eigenvector is (1, —1).

Hence, the diagram is as:
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