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This brief digression to “differential forms” aims for the following goals:

dy _ f(x)

o Legitimize Ey ) <= g(y)dy = f(x)dx via the differential operator d.

* Get the foundation of exactness for certain differential equation relationship.
First, consider variables x1, xp, - - - , x;,, we may defined the wedge product (A) to connect any two variables
satisfying that:
xi Axj=—xjAx;foralll <ij<n.

As a side note, for people new to abstract mathematics, note that this is a well-defined concept. This is
a type of non-constructive definition, but anything satisfying the rule would be considered valid.

(a) Show that x; Ax; =0for1 <i < mn.

Now, given any smooth function f, we defined the differential operator (d) as:
n af
df = l; a—xidxl.
(b) Suppose y(x) = ¥, find dy.

(c) Now, suppose that {% = % can you express dy in terms of the differential form of x.

Note: Since we have just one variable, we have dy/dx = dy/dx, leading to our first goal.

Furthermore, we can apply the differential operator over differential forms with wedge products already.

Suppose:
w = Z fill..ilikdxil VANREIRIAN dxik,
il/"'/ik

we may have the differential of w as:

dw = 2 (dfill“‘,ik)dxil A-e- /\dxik~

i
(d) Suppose x, y are the variables, and w = 2xy?dx + 2x%ydy, show that dw = 0.

This then relates to a concept called exactness in differential equations. Consider the equation:

dl F(x/y) _0

dx = G(x,y)
we can rewrite it as F(x,y)dx + G(x,y)dy = 0. Exactness enforces that:
oF 0G
dy  ox

Similarly, exactness is considering finding a solution f(x,y) = ¢ such that F = % and G = %.
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(e) Show that df = F(x,y)dx + G(x,y)dy and exactness is equivalently d(df) = 0.
Note: This implies that the differential equation in part (d) satisfies exactness.

The solutions to this additional problem is on the next page...
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Solutions to the Additional Problem:

(a) Proof. Since we have:
Xi \Nx;j = —x; \Nxj,

we must have x; A x; = 0. O

(b) By the given differential operator:

(c) Then, we have:

dy = g%dx = @dx .

Hence, we justify the separation of the variables as ¢(y)dy = f(x)dx.
(d) Proof. As instructed, we have:

_ 952 9.2 9 (h.2 9 (r.2
dw = g(?.xy ydx A dx + @(ny Ydy Adx + a(Zx y)dx Ndy + @(Zx y)dy A dy

= 0+ 4xydy Adx +4xydx Ndy + 0 = —4dxydx AN dy + 4xydx Ndy =0,
as desired. 0

(e) Proof. First, we have that:
df = %dx%— gdy = Fdx + Gdy.

dy
Then, in terms of the exactness relationship, we have:
JF 0G JF G
oF JdG
= @dy/\dx—k gdx/\dy =0

oF
ox

— d(df) =0.

G

< Y

oF oG
dx Ndx + @dy/\dx—k dx Ndy + @dy/\dyfo

Hence, we have shown that the exactness is exactly that the differential form satisfies that d(df) = 0.
O

In fact, for any smooth function f, we have d(df) = 0, which is the equivalent of the conclusion such
that mixed partials are equal. We invite capable readers to investigate that d := d o d = 0 for all smooth
function f. Additionally, people with experiences in vector calculus could investigate the following com-
mutative diagram.

QOR?3) 1 o1y 1, 2R3y I, 3(R?

E E E E

C®(R3,R) ~ 2 ¢(R3,R?) ) e (3, R?) L4 0o(R3, R)

The above are respectively 0-form, 1-form, 2-form, and 3-form (with O, 1, 2, or, 3 A’s in the differential

form) and the below are smooth functions mapping in respective Euclidean spaces.
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