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Recall Picard’s Theorem that you have seen over class:

For an IVP in general form:
d
d%;/ = f(t,y),
y(to) = yo-

For tg € I = (a,b), yo € ] = (c,d), if f(t,y) and %(t,y) are continuous on interval I x J. Then, there

exists a unique solution on a smaller interval I’ x J' C I x J, in which (tp,y) € I’ x J'.
N J

There exists a theorem called Picard-Lindel6f theorem that exhibits a weaker condition on the class of
differential equations in which a solution is guaranteed to exist and is unique, namely the Lipschitz con-
tinuity condition. We will be exploring this topic this week.

First of all, we will provide you with the definition of Lipschitz continuity:

A function f : R x R” — R defined by f(x,y) is Lipschitz continuous with respect to x if there exists
some constant K > 0 such that for all x1,x, € R and for any y € R":

|f(x1,y) — f(x2,9)| < K|x1 — x2].

2

(a) Show that f(x) = 2x is Lipschitz continuous and g(x) = x* is not Lipschitz continuous.

Then, we will be investigating how “strong” this Lipschitz continuity condition is, first lets compare it
with continuous functions. In case you forget the definition of continuous functions, use the definition
below:

A function f : R — R is continuous if for every x € R, and for all € > 0, there exists some § > 0 such
that for all ' € R:
lx—x'| <8 = |f(x)— f(x')| <e.

(b) Show that a Lipschitz continuity function is continuous.

Recall our original Picard’s theorem, it was casting the condition of continuously differentiable, and we

will now investigate this part.

(c) Given an example such that continuously differentiable does not imply Lipschitz continuity.
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(d) Now, suppose the function is limited to a closed and bounded interval, continuously differentiable
implies Lipschitz continuity. (Hint: Use Extreme Value Theorem and Intermediate Value Theorem.)

Now, we know that a closed and bounded region is necessary for this new theorem to work. Now, lets
view the Picard-Lindel6f theorem:

Given an IVP:
% = fty),
y(to) = vo-
with some closed rectangle [a,b] X [c,d] with the initial condition (ty,y9) € (a,b) X (c,d), and f is

continuous with respect to ¢+ and Lipschitz continuous with respect to y, then there exists a unique

solution for the IVP on [ty — €, tg + €] for some €.
\ J

(e) Now, provide an IVP such that a unique solution can be guaranteed by the Picard-Lindelof theorem,
but not Picard’s theorem.

The solutions to this additional problem is on the next page...
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Solutions to the Additional Problem:

(a) We closely abide to the definition, and it is not hard to notice that for f(x) = 2x, we trivially have:

[f(x1) = f(x2)] = 2|21 — xa,
which satisfies the Lipschitz continuous.

2

However, for g(x) = x*, one should notice that for any K > 0, we have:

£(0) = f(K+1) = (K+1)* > K(K+1),

hence it is not Lipschitz continuous.

(b) This proof should be quite trivial in terms of definition, for any € > 0, since the function is Lipschitz,
so there exists some constant K > 0 such that:

f(x) = f)] < Klx—yl.
Therefore, let 6 = €/K, we then have for any x,y € R such that |[x — y| < J, we have:
€
f() = fWI <Klx—y| <K g =e.

Therefore, we have shown that f is continuous.

(c) Using our previous example, g(x) = x?, it is continuously differentiable (whose derivative is 2x, and

it is continuous), but we have shown that g(x) is not Lipschitz.

(d) Note that we are given that f is continuously differentiable, then we know that on this closed and
bounded interval, |f'(x)| attains its maximum at some value C := max{|f'(x)|}. Then, by the
intermediate value theorem, for any x, y in this interval such that x < y, we have:

OIS < i,

which implies that:
[f(y) = f(x)| < Cly —«],
and thus f is Lipschitz.

By here, diligent readers should notice that over a closed and bounded region, the Lipschitz continuity is
stronger than continuity but weaker than continuously differentiable, so it is a theorem that requires less
condition than what was required in class.

(e) Almost immediately, we notice that function f(x) = |x| is Lipschitz, but it is not continuously

differentiable (discontinuity at 0 for f’(x)), so we can create an IVP as follows:

y'(x) = [x],
y(0) =0.
|x|x

In which we have a unique solution y(x) = 5=, while it can be implied by the Picard-Lindelof
theorem, but not Picard’s theorem.
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